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THE CHARACTER SHEAVES ON THE GROUP
COMPACTIFICATION
XUHUA HE
Abstract. We give a definition of character sheaves on the group
compactification which is equivalent to Lusztig’s definition in [Moscow
Math. J. 4 (2004) 869-896]. We also prove some properties of the
character sheaves on the group compactification.
Introduction
Let G be a connected reductive algebraic group over an algebraically
closed field. In [L3], Lusztig introduced a class of G × G-varieties.
We denote the varieties by Z˜J,y,δ. The precise definition can be found
in 1.3. The group G acts diagonally on Z˜J,y,δ. Lusztig introduced a
partition of Z˜J,y,δ into finitely many G-stable pieces. The G-orbits on
each piece are in one-to-one correspondence with the conjugacy classes
of a certain (smaller) reductive group.
To each character sheaf on the (smaller) reductive group, we asso-
ciate a G-equivariant simple perverse sheaf on the G-stable piece. We
call it a character sheaf on the G-stable piece. Its perverse extension
to Z˜J,y,δ is a G-equivariant simple perverse sheaf on Z˜J,y,δ. The simple
perverse sheaves obtained in this way are called the “parabolic charac-
ter sheaves”. (This is a generalization of the character sheaves on the
group.)
The definition above is one of the two equivalent definitions in [L3].
The other one imitates Lusztig’s definition of character sheaves of the
group. Roughly speaking, the second definition help us to understand
the perverse extensions of character sheaves on the G-stable pieces
to Z˜J,y,δ. A consequence of the coincidence of the two definition is
that the parabolic character sheaves have the following property: any
composition factor of the perverse cohomology of the restriction of a
parabolic character sheaf to a G-stable piece is a character sheaf on
that piece.
The varieties Z˜J,y,δ include more or less as a special case the strata
of the group compactification G1 of G, here G is adjoint. Therefore,
we obtain a partition of G1 into finitely many G-stable pieces. Lusztig
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defined the character sheaves on G1 to be the perverse extensions of the
character sheaves on the G-stable pieces of G1. One may expect that
the character sheaves on the group compactification have the prop-
erty analogous to the property of parabolic character sheaves that we
mentioned above.
To achieve this goal, we need to understand the perverse extension
to G1. The main propose of this paper is to introduce an equivalent
definition that helps us to understand it.
Before introducing the definition, we first recall the definition of
character sheaves of the group G. Denote by B the Borel subgroup
of G. The group G is decomposed into finitely many B × B-orbits.
Starting with certain local systems on a B ×B-orbits, we obtain some
simple perverse sheaves on G. (For more details, see [MS1, no. 5].)
Although this is not Lusztig’s original definition, one can see that they
are equivalent directly from the definition.
Now let us come back to the group compactification G1. There are
finitely many B × B-orbits on G1. The closure relation of the B × B-
orbits and the local systems on the orbits were studied by Springer
in [S1]. These local systems play the same role in our definition of
character sheaves on G1 as the local systems on the B × B-orbits of
G in the definition of character sheaves on G. Then we show that the
simple perverse sheaves on G1 obtained in this way coincide with those
obtained from Lusztig’s definition.
Now let us discuss about the ideas of the proof of the coincidence of
our definition and Lusztig’s definition. We denote by D(G1) the derived
category of constructible sheaves on G1. To each element in D(G1), we
associate its support, which is a closed subvariety. The counterpart
(on the “level of varieties”) of the equivalence of these definitions (on
the “level of sheaves”) is the relation between the (closure of) G-stable
pieces and the (closure of) B×B-orbits. The relation was discussed in
[H1] and [H2]. In [H1, 2.7], we showed that each G-stable piece is the
minimal G-stable subvariety that contains a particular B × B-orbit.
In [H2, 4.3], we gave an inductive way to determine in which G-stable
piece an element of a B×B-orbit is contained. In this paper, we “lift”
these results from the “level of varieties” to the “level of sheaves”.
The content of this paper is arranged as follows. In section 1, we
recall the definitions of Z˜J,y,δ and the G-stable pieces on it. We also
discuss some properties of the G-stable pieces. In section 2, we recall
the definition of the character sheaves on the group and discuss some
properties of them. In section 3, we prove our key lemma. In section
4, we first introduce a new definition of the character sheaves of group
compactification and prove that the character sheaves on the group
compactification have the “nice” property according to our definition.
As a consequence of the “nice” property, we show that our definition
is equivalent to Lusztig’s. We also obtain a property about the central
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characters. Our approach can also be generalized to parabolic character
sheaves. In section 5, we discuss some results on the parabolic character
sheaves. We also obtain a new proof of the coincidence of Lusztig’s two
definitions of parabolic character sheaves.
We thank Lusztig for many useful discussions on character sheaves.
We also thank Springer for some advice and comments on an earlier
version of this paper.
1. The G-stable pieces
1.1. Let G be a connected, reductive algebraic group over an alge-
braically closed field k. Let B be a Borel subgroup of G, T ⊂ B be a
maximal torus and B− be the opposite Borel subgroup. Let W be the
corresponding Weyl group and (si)i∈I the set of simple reflections. For
w ∈ W , we denote by supp(w) ⊂ I the set of simple roots whose asso-
ciated simple reflections occur in some (or equivalently, any) reduced
decomposition of w. We also choose a representative w˙ of w in G.
For J ⊂ I, let WJ be the subgroup of W generated by {sj | j ∈ J}
and W J (resp. JW ) be the set of minimal length coset representatives
of W/WJ (resp. WJ\W ). Let w
J
0 be the unique element of maximal
length in WJ . (We simply write w0 for w
I
0.) For J,K ⊂ I, we write
JWK for JW ∩WK .
For J ⊂ I, let PJ ⊃ B be the standard parabolic subgroup defined
by J and P−J ⊃ B
− be the opposite of PJ . Let LJ = PJ ∩P
−
J . For any
J ⊂ I, let PJ be the set of parabolic subgroups conjugate to PJ . We
simply write B for P∅. For J,K ⊂ I, w ∈
JW k and P ∈ PJ , Q ∈ PK ,
we write pos(P,Q) = w if gPg−1 = PJ , gQg
−1 = w˙PKw˙
−1 for some
g ∈ G.
For any parabolic subgroup P , we denote by UP its unipotent radical.
We simply write U for UB and U
− for UB− . We denote by HP the
inverse image of the connected center of P/UP under P → P/UP .
For any closed subgroup H of G, we denote by Hdiag the image of
the diagonal embedding of H in G×G.
1.2. Let Gˆ be a possibly disconnected reductive algebraic group over
k with identity component G. For g ∈ Gˆ and H ⊂ G, we write gH
for gHg−1. Let G1 be a connected component of Gˆ. There exists an
isomorphism δ : W →W such that δ(I) = I and gP ∈ Pδ(J) for g ∈ G
1
and P ∈ PJ . We choose g0 ∈ G
1 in the same way as [H2, 1.2]. In
particular, if G1 = G, then g0 = 1.
1.3. Let J, J ′ ⊂ I and y ∈ J
′
W δ(J) such that yδ(J) = J ′. For P ∈ PJ
and Q ∈ PJ ′, set Ay(P,Q) = {g ∈ G
1 | pos(Q, gP ) = y}. Set
Z˜J,y,δ = {(P,Q, γ) | P ∈ PJ , Q ∈ PJ ′, γ ∈ UP ′\Ay(P,Q)/UP}.
Define theG×G action on Z˜J,y,δ by (g1, g2)·(P,Q, γ) = (
g2P, g1Q, g1γg
−1
2 ).
It is easy to see that G×G acts transitively on Z˜J,y,δ.
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Set
h˜J,y,δ = (PJ ,
y˙−1PJ ′, Uy˙−1PJ′
g0UPJ ) ∈ Z˜J,y,δ.
For w, v ∈ W , set
˜[J, w, v]y,δ = (B × B)(w˙, v˙) · h˜J,y,δ.
It is easy to see that ˜[J, wu, vδ−1(u)]y,δ =
˜[J, w, v]y,δ for u ∈ Wδ(J)
and
Z˜J,y,δ =
⊔
w∈W δ(J),v∈W
˜[J, w, v]y,δ.
For w ∈ W δ(J), set
Z˜wJ,y,δ = Gdiag ·
˜[J, w, 1]y,δ.
By [H2, 1.3 & 1.7], we have that
Z˜J,y,δ =
⊔
w∈W δ(J)
Z˜wJ,y,δ.
The subvarieties Z˜wJ,y,δ are called the G-stable pieces of Z˜J,y,δ.
1.4. For w ∈ W δ(J), set
I(J, w, δ) = max{K ⊂ J | wδ(K) = K}.
In the rest of this subsection, we fix w ∈ W δ(J) and write K for
I(J, w, δ). By [H2, 1.10], we have the following results.
(1) The map G ×
(
(PK)diag(LKw˙, 1) · h˜J,y,δ
)
→ Z˜wJ,y,δ defined by
(g, z) 7→ (g, g) · z induces an isomorphism
G×PK
(
(PK)diag(LKw˙, 1) · h˜J,y,δ)
)
∼= Z˜wJ,y,δ,
where PK acts on G on the right and acts on (PK)diag(LKw˙, 1) · h˜J,y,δ)
diagonally.
(2) The map PK × LKw˙g0 → (PK)diag(LKw˙, 1) · h˜J,y,δ defined by
(p, l) 7→ (plg−10 , p) · h˜J,y,δ for p ∈ PK and l ∈ LKw˙g0 induces an affine
space bundle map
PK ×LK LKw˙g0 → (PK)diag(LKw˙, 1) · h˜J,y,δ,
where LK acts on G on the right and acts on LKw˙g0 by conjugation.
Therefore, we obtain an affine space bundle map
π˜wJ,y,δ : G×LK LKw˙g0 → Z˜
w
J,y,δ
which sends (g, l) to (glg−10 , g) · h˜J,y,δ for g ∈ G and l ∈ LKw˙g0.
Let ϑ : Z˜wJ,y,δ → Z˜
w
K,w,δ be the morphism defined by
ϑ
(
(glg−10 , g) · h˜J,y,δ
)
= (glg−10 , g) · h˜K,w,δ
for g ∈ G, p ∈ PK and l ∈ LKw˙g0. By [H2, 1.6 & 1.10], ϑ is well
defined. Moreover, we have the following commuting diagram
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G×LK LKw˙g0
p˜iw
J,y,δ
−→ Z˜wJ,y,δ∥∥∥ yϑ
G×LK LKw˙g0
p˜iw
K,w,δ
−→ Z˜wK,w,δ.
Note that wδ(K) = K. It is easy to see that LKw˙g0 is a connected
component of NGˆ(LK). However, in general LKw˙g0 is not the identity
component of NGˆ(LK) even if Gˆ = G = G
1. We will see in 4.3 that
the character sheaves on a (possibly) disconnected group are involved
when studying character sheaves on the group compactification even if
Gˆ = G = G1.
1.5. Let J, J ′ ⊂ I and y ∈ J
′
W δ(J) such that yδ(J) = J ′. Set
ZJ,y,δ = {(P,Q, γ) | P ∈ PJ , Q ∈ PJ ′, γ ∈ HP ′\Ay(P,Q)/HP}
with the G×G action defined in the same way as Z˜J,y,δ.
As in [L3, 11.19], we may identify groups HP/UP (with P ∈ PJ)
with a single torus ∆J independent of the choice of P . Now ∆J acts
freely on Z˜J,y,δ by t : (P,Q, γ) 7→ (P,Q, γz) where z ∈ HP represents
t ∈ DJ . Then we may identify ZJ,y,δ with ∆J\Z˜J,y,δ as G×G-varieties.
Set hJ,y,δ = (PJ ,
y˙−1PJ ′, Hy˙−1PJ′
g0HPJ ) ∈ ZJ,y,δ.
For w, v ∈ W , set [J, w, v]y,δ = (B ×B)(w˙, v˙) · hJ,y,δ. For w ∈ W
δ(J),
set ZwJ,y,δ = Gdiag · [J, w, 1]y,δ. Then
ZJ,y,δ =
⊔
w∈W δ(J),v∈W
[J, w, v]y,δ =
⊔
w∈W δ(J)
ZwJ,y,δ.
The subvarieties ZwJ,y,δ are called the G-stable pieces of ZJ,y,δ.
Now fix w ∈ W δ(J). Set K = I(J, w, δ). Then as a consequence of
1.4, we obtain the following commuting diagram
G×LK LKw˙g0/Z
0(LJ ) −→ Z
w
J,y,δ∥∥∥ yϑ
G×LK LKw˙g0/Z
0(LJ ) −→ Z
w
K,w,δ,
where Z0(LJ) is the connected center of LJ and ϑ is defined in the
similar way as in 1.4.
1.6. In this subsection, we assume that G is adjoint. The compact-
ification G1 of G1 is the G × G variety which is isomorphic to the
wonderful compactification of G as a variety and where the G×G ac-
tion is twisted by G×G→ G×G, (g, g′) 7→ (g, g0g
′g−10 ). By [H2, 2.1],
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we have that
G1 =
⊔
J⊂I
Z
J,w0w
δ(J)
0 ,δ
=
⊔
J⊂I
⊔
w∈W δ(J),v∈W
[J, w, v]
w0w
δ(J)
0 ,δ
=
⊔
J⊂I
⊔
w∈W δ(J)
Zw
J,w0w
δ(J)
0 ,δ
.
We write h
J,w0w
δ(J)
0 ,δ
as hJ , [J, w, v]w0wδ(J)0 ,δ
as [J, w, v] and Zw
J,w0w
δ(J)
0 ,δ
as ZwJ . We call Z
w
J the G-stable pieces of G
1. We denote by πwJ the
morphism G×LI(J,w,δ) LI(J,w,δ)w˙g0/Z
0(LJ )→ Z
w
J in 1.5.
2. The character sheaves on G1
2.1. We follow the notation of [BBD]. Let X be an algebraic variety
over k and l be a fixed prime number invertible in k. We write D(X)
instead of Dbc(X, Q¯l). If K ∈ D(X) and A is a simple perverse sheaf
on X , we write A ⊣ K if A is a composition factor of pH i(K) for some
i ∈ Z. For A,B ∈ D(X), we write A = B[·] if A = B[m] for some
m ∈ Z.
LetK,K1, K2, · · · , Kn ∈ D(X). We say thatK ∈< K1, K2, · · · , Kn >
if there exist m > n and Kn+1, Kn+2, · · · , Km ∈ D(X) such that
Km = K and for each n + 1 6 i 6 m, there exists 1 6 j, k < i
and nj , nk ∈ Z, such that (Kj[nj ], Ki, Kk[nk]) is a distinguished trian-
gle in D(X). In this case, if H ·c(X,Ki) = 0 for all i, then H
·
c(X,K) = 0.
Moreover, if A ⊣ K, then A ⊣ Ki for some 1 6 i 6 n.
If f : X → Y is a morphism of algebraic varieties, we have functors
f! and f
∗ between the derived categories D(X) and D(Y ). Therefore
(1) if A,A1, A2, · · · , An ∈ D(X) with A ∈< A1, A2, · · · , An >, then
f!A ∈< f!A1, f!A2, · · · , f!An >;
(2) if B,B1, B2, · · · , Bn ∈ D(Y ) with B ∈< B1, B2, · · · , Bn >, then
f ∗B ∈< f ∗B1, f
∗B2, · · · , f
∗Bn >.
Let H be a connected algebraic group and X , Y be varieties with a
free H-action on X × Y . Denote by X ×H Y the quotient space. For
K1 ∈ D(X) and K2 ∈ D(Y ) such that K1 ⊠K2 is H-equivariant, we
denote by K1⊙K2 be the element in D(X ×
H Y ) whose inverse image
under X × Y → X ×H Y is K1 ⊠K2.
2.2. Let p be the characteristic of k and Z(p) be the ring of rational
numbers with denominator prime to p (In particular, Z(p) = Q if p = 0).
Set Xˆ = Z(p) ⊗Z X/1 ⊗Z X , where X is the character group of T . If
necessary, we write Xˆ(T ).
Let K(T ) be the set of isomorphism classes of Kummer local systems
on T , i. e., the set of isomorphism classes of Q¯l-local systems L of rank
one on T , such that L⊗m ∼= Q¯l for some integer m > 1 invertible in k.
By [MS1, 2.1], we may identify K(T ) with Xˆ . For ξ ∈ Xˆ , we denote
by Lξ the corresponding Kummer local system.
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For J ⊂ I, set TJ = T/Z
0(LJ). We identify Xˆ(TJ) with a subgroup
of Xˆ , see [S1, section 1].
In the rest of this section, we recall the definition and some properties
of the character sheaves on G1. We follow the approach in [MS1]. (In
[loc. cit.] Mars and Springer dealt with the case where G1 = G. The
general case can be treated in a similar way.)
2.3. By the Bruhat decomposition, we have that G1 =
⊔
w∈W Bw˙g0B.
For ξ ∈ Xˆ, let Lξ,w,δ be the inverse image of Lξ under Bw˙g0B → T ,
uw˙g0tu
′ 7→ t for u, u′ ∈ U and t ∈ T . Then Lξ,w,δ is a tame local system
on Bw˙g0B. We denote by Aξ,w,δ the perverse extension of Lξ,w,δ to G
1.
If wδ(ξ) = ξ, then Lξ,w,δ and Aξ,w,δ are equivariant for the conjugation
action of B.
Define the B-action onG×G1 by b(g, h) = (gb−1, bhb−1). LetG×BG
1
be the quotient space. The map G×G1 → G1, (g, h) 7→ ghg−1 induces
a proper morphism γ : G ×B G
1 → G1. By standard arguments, we
have the following result.
Proposition 2.4. Let ξ ∈ Xˆ and A be a simple perverse sheaf on G1.
The following conditions on A are equivalent:
(i) A ⊣ (γ)!(Q¯l ⊙Aξ,w,δ) for some w ∈ W with wδ(ξ) = ξ.
(ii) A ⊣ (γ)!(Q¯l ⊙ Lξ,w,δ) for some w ∈ W with wδ(ξ) = ξ.
2.5. Let Cξ(G
1) be the set of (isomorphism classes) of simple perverse
sheaves on G1 which satisfies the equivalent conditions (i)-(ii) with
respect to ξ. The simple perverse sheaves on G1 which belong to Cξ(G
1)
for some ξ ∈ Xˆ are called character sheaves on G1; they (or their
isomorphism classes) form a set C(G1).
Proposition 2.6 ([L1, 11.2(c)]). Let ξ, η ∈ Xˆ with η /∈ Wξ. Then
Cξ(G
1) ∩ Cη(G
1) = ∅.
3. The key lemma
In this section and the next section, we assume that G is adjoint.
3.1. Let J ⊂ I and w, v ∈ W . Let pJ,w,v : B × B → [J, w, v] be
the morphism defined by (b1, b2) 7→ (b1w˙, b2v˙) · hJ for b1, b2 ∈ B. By
1.3, pJ,wu,vδ−1(u) = pJ,w,v for u ∈ Wδ(J). The morphism B × B → TJ ,
(t1u1, t2u2) 7→ (w˙g0)
−1t1(w˙g0)v˙
−1t−12 v˙Z
0(LJ ) factors through a mor-
phism prJ,w,v : [J, w, v]→ TJ .
For ξ ∈ Xˆ(TJ) ⊂ Xˆ , pr
∗
J,w,vLξ = Lξ,J,w,v is a (tame) local sys-
tem on [J, w, v]. By [MS1, 4.1.2] and [MS2, 2.2.3], Lξ,J,w,v has weight
(wδ(ξ),−vξ) for the B×B-action and the rank one (tame) local system
on [J, w, v] which have a weight for the B × B-action are of the form
Lξ,J,w,v for some ξ ∈ Xˆ(TJ). Moreover, Lξ,J,wu,vδ−1(u) = Lδ−1(u)ξ,J,w,v for
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u ∈ Wδ(J). If wδ(ξ) = vξ, then Lξ,J,w,v is equivariant for the diagonal
action of B.
We denote by Aξ,J,w,v the perverse extension of Lξ,J,w,v to G1. By
[MS2, 2.2], for i ∈ Z, HiAξ,J,w,v |[J ′,w′,v′] is a direct sum of local system
Lη,J ′,w′,v′, where η ∈ Xˆ(TJ ′) and wδ(ξ) = w
′δ(η), vξ = v′η. It is zero
unless [J ′, w′, v′] is contained in the closure of [J, w, v].
In other words, we have the following result.
Lemma 3.2. Let J ⊂ I, w, v ∈ W and ξ ∈ Xˆ(TJ). Set
IJ,w,v,ξ =
{
(J ′, w′, v′, η) |J ′ ⊂ J, η ∈ Xˆ(TJ ′), w, v ∈ W such that
wδ(ξ) = w′δ(η), vξ = v′η} and [J ′, w′, v′]
is contained in the closure of [J, w, v]
}
.
Then we have that
< Aη,J ′,w′,v′ >(J ′,w′,v′,η)∈IJ,w,v,ξ=< (iJ ′,w′,v′)!Lη,J ′,w′,v′ >(J ′,w′,v′,η)∈IJ,w,v,ξ ,
where iJ ′,w′,v′ : [J
′, w′, v′] →֒ G1 is the inclusion.
3.3. For J ⊂ I, set BJ = (B ∩ LJ)/Z
0(LJ). For x ∈ W , set GJ,x =
Bx˙B/Z0(LJ ) and G
′
J,x = Bx˙UP−
δ(J)
(B ∩ Lδ(J))/Z
0(Lδ(J)).
Define φJ,x : GJ,x → TJ by φJ,x(ux˙tu
′) = t for t ∈ TJ and u, u
′ ∈ U .
Define φ′J,x : G
′
J,x → Tδ(J) by φJ,x(ux˙tu
′) = t for t ∈ Tδ(J) and u ∈ U .
and u′ ∈ UP−
δ(J)
(U ∩ Lδ(J)).
Let ξ ∈ Xˆ(TJ). Then φ
∗
J,xLξ = LJ,x,ξ is a (tame) local system on GJ,x
and (φ′J,x)
∗Lδ(ξ) = L
′
J,x,ξ is a (tame) local system on G
′
J,x. We denote
by AJ,x,ξ the perverse extension of LJ,x,ξ to G/Z
0(LJ ) and A
′
J,x,ξ the
perverse extension of L′J,x,ξ to G/Z
0(Lδ(J)). We simply write LI,x,ξ as
Lx,ξ and AI,x,ξ as Ax,ξ.
By [MS1, 4.1.2], LJ,x,ξ and AJ,x,ξ have weight xξ for the left B-action
and −ξ for the right BJ -action. Similarly, L
′
J,x,ξ and A
′
J,x,ξ have weight
xδ(ξ) for the left B-action and −δ(ξ) for the right Bδ(J)-action.
3.4. The group B acts on G × G/Z0(LJ) by b(g, h) = (gb
−1, bh). A
quotient G×BG/Z0(LJ) exists and the product map G×G/Z
0(LJ)→
G/Z0(LJ) defined by (g, h) 7→ gh induces a proper morphism
mJ : G×
B G/Z0(LJ)→ G/Z
0(LJ).
It is easy to see that (mJ)!(Aw,ξ ⊙ AJ,1,ξ) = AJ,w,ξ.
For ξ ∈ Xˆ(TJ) and w, x ∈ W , set
I(ξ, J, w, x) = {w′ | w′ξ = wxξ and GJ,w′ ⊂ mJ (GI,w ×GJ,x)},
where mJ(GI,w ×GJ,x) is the closure of mJ(GI,w ×GJ,x) in G/Z
0(LJ ).
Then by [MS1, 4.2],
(mJ)!(Aw,xξ ⊙AJ,x,ξ) ∈< AJ,w′,ξ >w′∈I(ξ,J,w,x) .
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Similarly, set
I ′(ξ, J, w, x) = {w′ | w′δ(ξ) = wxδ(ξ) and G′J,w′ ⊂ mJ(GI,w ×G
′
J,x)}.
Then
(mJ)!(Aw,xξ ⊙ A
′
J,x,ξ) ∈< A
′
J,w′,ξ >w′∈I′(ξ,J,w,x) .
3.5. The group BJ acts on G/Z
0(Lδ(J)) × G/Z
0(LJ) by b(g, g
′) =
(gg0b
−1g−10 , g
′b−1). The quotient G/Z0(Lδ(J))×
BJ G/Z0(LJ) exists and
the mapG×G→ G1 defined by (g, g′) 7→ (g, g′)·hJ induces a morphism
pJ : G/Z
0(Lδ(J))×
BJ G/Z0(LJ)→ G1.
For w ∈ W δ(J) and v ∈ W , we have that
(Bw˙UP−
δ(J)
(B ∩ Lδ(J)), Bv˙B) · hJ = (Bw˙(B ∩ Lδ(J)), Bv˙(B ∩ LJ )) · hJ
= (Bw˙(B ∩ Lδ(J)), Bv˙) · hJ
= (Bw˙,Bv˙) · hJ = [J, w, v].
We can see that pJ |G′
J,w
×BJGJ,v
factors through an affine space bundle
map pJ,w,v : G
′
J,w ×
BJ GJ,v → [J, w, v]. For ξ ∈ Xˆ(TJ), L
′
J,w,ξ ⊙ LJ,v,−ξ
is a local system on G′J,w ×
BJ GJ,v and
(pJ |G′
J,w
×BJGJ,v
)!(L
′
J,w,ξ ⊙ LJ,v,−ξ) = (iJ,w,v)!Lξ,J,w,v.
For w ∈ W δ(J) and u ∈ WJ , pJ(G
′
J,wδ(u) ×
BJ GJ,1) = [J, w, u
−1] and
pJ |G′
J,wδ(u)
×BJGJ,1
factors through an affine space bundle map pJ,wδ(u),1 :
G′J,wδ(u) ×
BJ GJ,1 → [J, w, u
−1]. For ξ ∈ Xˆ(TJ), we have that
(iJ,w,u−1)!Luξ,J,w,u−1 = (pJ |G′
J,wδ(u)
×BJGJ,1
)!(L
′
J,wδ(u),ξ ⊙ LJ,1,−ξ)
= (pJ |G′
J,w
×BJG
J,u−1
)!(L
′
J,w,uξ ⊙ LJ,u−1,−uξ).
3.6. The group B acts on G × G1 by b(g, z) = (gb−1, (b, b)z) for b ∈
B, g ∈ G and z ∈ G1. The quotient G×BG1 exists. The map G×G1 →
G1 defined by (g, z) 7→ (g, g) ·z induces a morphism ρ : G×BG1 → G1.
The map ρ is the unique extension of the map γ defined in 2.3.
For J ⊂ I and w, v ∈ W , we denote by ρJ,w,v the restriction of ρ to
G×B [J, w, v].
Let ξ ∈ Xˆ(TJ) ⊂ Xˆ with wδ(ξ) = vξ. Then Q¯l ⊙ Lξ,J,w,v is a local
system on G×B [J, w, v] and Q¯l[dim(G)]⊙Aξ,J,w,v is a simple perverse
sheaf on G ×B G1. Set Lξ,J,w,v = (ρ |G×B[J,w,v])!(Q¯l ⊙ Lξ,J,w,v) and
Cξ,J,w,v = ρ!(Q¯l ⊙ Aξ,J,w,v). Then Lξ,J,w,v, Cξ,J,w,v ∈ D(G1). Moreover,
by the decomposition theorem in [BBD], Cξ,J,w,v is semisimple.
The following result is an easy consequence of 3.2.
Corollary 3.7. We keep the notation of 3.2. Then
< Cη,J ′,w′,v′ >(J ′,w′,v′,η)∈IJ,w,v,ξ=< Lη,J ′,w′,v′ >(J ′,w′,v′,η)∈IJ,w,v,ξ .
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3.8. Similarly, B acts on G×(G/Z0(Lδ(J))×
BJ G/Z0(LJ)) by b(g, z) =
(gb−1, b ·z) for b ∈ B, g ∈ G and z ∈ G/Z0(Lδ(J))×
BJ G/Z0(LJ), where
B acts diagonally on G/Z0(Lδ(J))×
BJ G/Z0(LJ ) on both factors on the
left. Denote by G×B (G/Z
0(Lδ(J))×
BJ G/Z0(LJ)) the quotient space.
The morphism G×G×G→ G1 defined by (g, g1, g2) 7→ (gg1, gg2)·hJ
induces a morphism πJ : G×B (G/Z
0(Lδ(J))×
BJ G/Z0(LJ))→ G1. We
simply write πJ |G×B(G′J,w×BJGJ,v) as πJ,w,v. For ξ ∈ Xˆ(TJ) with wδ(ξ) =
vξ, Q¯l⊙ (L′J,w,ξ⊙LJ,v,−ξ) is a local system on G×B (G
′
J,w×
BJ GJ,v) and
(πJ,w,v)!
(
Q¯l ⊙ (L
′
J,w,ξ ⊙ LJ,v,−ξ)
)
= Lξ,J,w,v.
Lemma 3.9. Let J ⊂ I, w, v ∈ W and ξ ∈ Xˆ(TJ) with wδ(ξ) = vξ.
Then
(πJ)!
(
Q¯l⊙(A
′
J,w,ξ⊙AJ,v,−ξ)
)
∈< (πJ)!
(
Q¯l⊙(A
′
J,w′,ξ⊙AJ,1,−ξ)
)
>w′∈I′(ξ,J,v−1,w) .
Proof. The group BJ acts on G × G/Z
0(LJ) on the second factor
on the right. This action induces a BJ action on G ×
B G/Z0(LJ ).
Define the BJ action on G/Z
0(Lδ(J))× (G×
B G/Z0(LJ)) by b(g, z) =
(gg0b
−1g−10 , bz) for g ∈ G/Z
0(Lδ(J)) and z ∈ G ×
B G/Z0(LJ). The
quotient G/Z0(Lδ(J)) ×
BJ (G ×B G/Z0(LJ )) exists and the morphism
(id,mJ) : G/Z
0(Lδ(J))× (G×
B G/Z0(LJ ))→ G/Z
0(Lδ(J))×G/Z
0(LJ)
induces a morphism
G/Z0(Lδ(J))×
BJ (G×B G/Z0(LJ))→ G/Z
0(Lδ(J))×
BJ G/Z0(LJ).
The group B action on G × G/Z0(LJ) by acting on the first factor
on the left induces a B action on G ×B G/Z0(LJ). Then we obtain
the diagonal B-action on G/Z0(Lδ(J))×
BJ (G×B G/Z0(LJ )). We may
also define the B-action on G ×
(
G/Z0(Lδ(J))×
BJ (G ×B G/Z0(LJ))
)
in the same way as we did in 3.8. We write the quotient space as
G×B
(
G/Z0(Lδ(J))×
BJ (G×BG/Z0(LJ))
)
. The morphism (id, id,mJ) :
G×G/Z0(Lδ(J))× (G×
B G/Z0(LJ ))→ G×G/Z
0(Lδ(J))×G/Z
0(LJ)
induces a morphism
m1,2,34 : G×B
(
G/Z0(Lδ(J))×
BJ (G×B G/Z0(LJ))
)
→
G×B (G/Z
0(Lδ(J))×
BJ G/Z0(LJ)).
The morphism G × G/Z0(Lδ(J)) × G × G/Z
0(LJ ) → G1 defined by
(g1, g2, g3, g4) 7→ (g1g2, g1g3g4) · hJ induces a morphism
f1,2,34 : G×B
(
G/Z0(Lδ(J))×
BJ (G×B G/Z0(LJ ))
)
→ G1
and we have that f1,2,34 = πJ ◦m1,2,34. We also have that
(m1,2,34)!
(
Q¯l⊙
(
A′J,w,ξ⊙ (Av,−ξ⊙AJ,1,−ξ)
))
= Q¯l⊙ (A
′
J,w,ξ⊙AJ,v,−ξ)[·].
Hence
(πJ)!
(
Q¯l⊙(A
′
J,w,ξ⊙AJ,v,−ξ)
)
= (f1,2,34)!
(
Q¯l⊙
(
A′J,w,ξ⊙(Av,−ξ⊙AJ,1,−ξ)
))
[·].
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Similarly, we may define G×B
(
(G×B G/Z0(Lδ(J)))×
BJ G/Z0(LJ)
)
and the morphism (id,mδ(J), id) : G×(G×
BG/Z0(Lδ(J)))×G/Z
0(LJ )→
G×G/Z0(Lδ(J))×G/Z
0(LJ) induces a morphism
m1,23,4 : G×B
(
(G×B G/Z0(Lδ(J)))×
BJ G/Z0(LJ)
)
→
G×B (G/Z
0(Lδ(J))×
BJ G/Z0(LJ)).
The morphism G × G × G/Z0(Lδ(J)) × G/Z
0(LJ ) → G1 defined by
(g1, g2, g3, g4) 7→ (g1g2g3, g1g4) · hJ induces a morphism
f1,23,4 : G×B
(
(G×B G/Z0(Lδ(J)))×
BJ G/Z0(LJ )
)
→ G1
and we have that f1,23,4 = πJ ◦m1,23,4.
The isomorphism G × G/Z0(Lδ(J)) × G × G/Z
0(LJ ) → G × G ×
G/Z0(Lδ(J)) × G/Z
0(LJ) defined by (g1, g2, g3, g4) 7→ (g1g3, g
−1
3 , g2, g4)
induces an isomorphism
ι : G×B
(
G/Z0(Lδ(J))×
BJ (G×B G/Z0(LJ ))
) ≃
−→
G×B
(
(G×B G/Z0(Lδ(J)))×
BJ G/Z0(LJ )
)
.
It is easy to see that f1,2,34 = f1,23,4 ◦ ι and
ι!
(
Q¯l⊙
(
A′J,w,ξ⊙(Av,−ξ⊙AJ,1,−ξ)
))
=
(
Q¯l⊙
(
(Av−1,vξ⊙A
′
J,w,ξ)⊙AJ,1,−ξ
))
[·].
Therefore
(πJ)!
(
Q¯l ⊙ (A
′
J,w,ξ⊙AJ,v,−ξ)
)
= (f1,23,4)!
(
Q¯l ⊙
(
(Avξ,v−1 ⊙ A
′
J,w,ξ)⊙AJ,1,−ξ
))
[·]
= (πJ )!(m1,23,4)!
(
Q¯l ⊙
(
(Avξ,v−1 ⊙A
′
J,w,ξ)⊙ AJ,1,−ξ
))
[·]
∈< (πJ)!
(
Q¯l ⊙ (A
′
J,w′,ξ ⊙AJ,1,−ξ)
)
>w′∈I′(ξ,J,v−1,w) .
Corollary 3.10. Let J ⊂ I, w, v ∈ W and ξ ∈ Xˆ(TJ) with wδ(ξ) = vξ.
Then
Lξ,J,w,v ∈< Lξ,J,w′,1 >w′∈I′(ξ,J,v−1,w) .
Proof. We have that
(πJ,w,v)!
(
Q¯l⊙(L
′
J,w,ξ⊙LJ,v,−ξ)
)
∈< (πJ)!
(
Q¯l⊙(A
′
J,w1,ξ
⊙AJ,v1,−ξ)
)
>w1,v1 ,
where w1 runs over the elements in W such that G
′
J,w1
is contained in
the closure of G′J,w and v1 runs over the elements in W such that GJ,v1
is contained in the closure of GJ,v.
By lemma 3.9, we have that
(πJ)!
(
Q¯l ⊙ (A
′
J,w1,ξ
⊙ AJ,v1,−ξ)
)
∈< (πJ)!
(
Q¯l ⊙ (A
′
J,w2,ξ
⊙ AJ,1,−ξ)
)
>w2,
where w2 runs over the elements in W such that w2δ(ξ) = ξ and G
′
J,w2
is contained in the closure of mδ(J)(GI,v−11 ×G
′
J,w1
). Therefore,
(πJ,w,v)!
(
Q¯l ⊙ (L
′
J,w,ξ ⊙ LJ,v,−ξ)
)
∈< (πJ)!
(
Q¯l ⊙ (A
′
J,w′,ξ ⊙ AJ,1,−ξ)
)
>w′
=< (πJ,w′,1)!
(
Q¯l ⊙ (L
′
J,w′,ξ ⊙LJ,1,−ξ)
)
>w′,
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where w′ runs over the elements in W such that w′δ(ξ) = ξ and G′J,w′
is contained in the closure of mδ(J)(GI,v−1 ×G
′
J,w). 
Lemma 3.11. Let J ⊂ I and O be a WJ -orbit on Xˆ(TJ). Set
IJ,O = {(ξ, w, v) | ξ ∈ O, w, v ∈ W with wδ(ξ) = vξ},
I ′J,O = {(ξ, vw, 1) ∈ IJ,O | w ∈ W
δ(J), v ∈ WI(J,w,δ)}.
Then
< Lξ,J,w,v >(ξ,w,v)∈IJ,O=< Lξ,J,vw,1 >(ξ,vw,1)∈I′J,O .
Proof. Set J ′ = {i ∈ I | αi = −w0αδ(j) for some j ∈ J} and y =
w0w
δ(J)
0 . Then yδ(J) = J
′.
Let w ∈ W δ(J) and u ∈ Wδ(J). Then we have that wy
−1 ∈ W J
′
and
l(wuy−1) = l(wy−1yuy−1) = l(wy−1)+l(yuy−1) = l(wy−1)+l(u). Thus
dim(G′J,wu) = dim(GJ,wuy−1) = l(wuy
−1) + dim(B/Z0(LJ))
= l(wy−1) + l(u) + dim(B/Z0(LJ)).
For a, b ∈ W , we have that dim(mδ(J)(GI,a×G
′
J,b)) 6 l(a)+ l(by
−1)+
dim(B/Z0(LJ )) and if the equality holds, then mδ(J)(GI,a × G
′
J,b) =
G′J,ab.
Now by 3.10, < Lξ,J,w,v >(ξ,w,v)∈IJ,O=< Lξ,J,w,1 >(ξ,w,1)∈IJ,O . More-
over, for ξ ∈ O, w ∈ W δ(J) and u ∈ WJ with wδ(u)δ(ξ) = ξ, we have
that Lξ,J,wδ(u),1 = Luξ,J,w,u−1 ∈< Luξ,J,w′,1 >w′∈I′(uξ,J,u,w). By induction,
it suffices to prove the following statement:
Let (wi, ui, ξi)i>1 be a sequence with wi ∈ W
δ(J), ui ∈ WJ , ξi ∈
Xˆ(TJ). If w1δ(u1)δ(ξ1) = ξ1 and for each i > 1, ξi+1 = uiξi and
wi+1δ(ui+1) ∈ I
′(ξi+1, J, ui, wi), then for n≫ 0, un ∈ WI(J,wn,δ).
For each i > 1, we have that
l(wi+1y
−1) + l(ui+1) = dim(G
′
J,wi+1δ(ui+1)
)− dim(B/Z0(LJ))
6 dim(mδ(J)(GI,ui ×G
′
J,wi
))− dim(B/Z0(LJ))
6 l(wiy
−1) + l(ui).
Moreover, if the equalities hold, then G′J,wi+1δ(ui+1) = G
′
J,uiwi
and
wi+1δ(ui+1) = uiwi.
Thus for k ≫ 0, we have l(wky
−1) + l(uk) = l(wk+1y
−1) + l(uk+1) =
· · · and wi+1δ(ui+1) = uiwi for all i > k. By [H2, 3.10], wi+1 > wi
for i > k. Therefore, for m ≫ k, we have that wm = wm+1 = · · · =
w∞ and l(um) = l(um+1) = · · · . Thus, w
−1
∞ uiw∞ = δ(ui+1) ∈ Wδ(J)
and l(w−1∞ uiw∞) = l(ui+1) = l(ui) for i > m. So w
−1
∞ supp(ui) =
δ(supp(ui+1)) for all i > m. In other words, for i > m,
∪l>i+1supp(ul) ⊂ ∪l>isupp(ul) = w∞δ(∪l>i+1supp(ul)).
Thus for n≫ m, ∪i>nsupp(ui) = w∞δ(∪i>nsupp(ui)). So supp(un) ⊂
∪i>lsupp(ui) ⊂ I(J, w∞, δ) and un ∈ WI(J,wn,δ). The lemma is proved.

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Combining 3.7 with 3.11, we obtain the key lemma.
Lemma 3.12. Let O be a W -orbit on Xˆ. Set
IO = {(ξ, J, w, v) | J ⊂ I, ξ ∈ O ∩ Xˆ(TJ), w, v ∈ W with wδ(ξ) = vξ},
I ′O = {(ξ, J, vw, 1) ∈ IO | w ∈ W
δ(J), v ∈ WI(J,w,δ)}.
Then
< Cξ,J,w,v >(ξ,J,w,v)∈IO=< Lξ,J,w,v >(ξ,J,w,v)∈IO=< Lξ,J,vw,1 >(ξ,J,vw,1)∈I′O .
4. The character sheaves on G1
By 2.1 and 3.12, we have the following result.
Proposition 4.1. Let O be a W -orbit on Xˆ and A be a simple perverse
sheaf on G1. The following conditions on A are equivalent:
(i) A ⊣ Cξ,J,w,v for some J ⊂ I, w, v ∈ W and ξ ∈ O ∩ Xˆ(TJ) with
wδ(ξ) = vξ.
(ii) A ⊣ Lξ,J,w,v for some J ⊂ I, w, v ∈ W and ξ ∈ O ∩ Xˆ(TJ) with
wδ(ξ) = vξ.
(iii) A ⊣ Lξ,J,vw,1 for some J ⊂ I, w ∈ W
δ(J), v ∈ WI(J,w,δ) and
ξ ∈ O ∩ Xˆ(TJ) with vwδ(ξ) = ξ.
4.2. Let CO(G1) be the set of (isomorphism classes) of simple perverse
sheaves on G1 which satisfies the equivalent conditions 4.1(i)-(iii) with
respect to O. The simple perverse sheaves on G1 which belong to
CO(G1) for some W -orbit O are called character sheaves on the group
compactification G1; they (or their isomorphism classes) form a set
C(G1).
4.3. We keep the notation of 1.4. Now K = I(J, w, δ). Set L =
LK/Z
0(LJ ) and B1 = (B ∩ LK)/Z
0(LJ). For v ∈ WK , set Lv =
B1v˙w˙g0B1.
Consider the following diagram
Lw˙g0
p1
←− G× Lw˙g0
p2
−→ G×LK Lw˙g0
piw
J−→ ZwJ
where p1 is the projection to the second factor, p2 is the projection map
and πwJ is the map in 1.6.
For any character sheaf X on LKw˙g0/Z
0(LJ), let X˜ be the simple
perverse sheaf on ZwJ such that X˜ = (π
w
J )!(Q¯l⊙X)[·]. (Then (π
w
J )
∗X˜ is
a shift of Q¯l⊙X . By the commuting diagram in 1.5, the simple perverse
sheaf X˜ on ZwJ is the same as the simple perverse sheaf obtained in [L3,
11.12].)
For ξ ∈ Xˆ(TJ), let Cξ(Z
w
J ) be the (isomorphism classes) of simple
perverse sheaves on ZwJ consisting of all X˜ as above for X ∈ Cξ(Lw˙g0).
The simple perverse sheaves on ZwJ which belong to Cξ(Z
w
J ) for some
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ξ ∈ Xˆ(TJ) are called character sheaves on the G-stable piece Z
w
J ; they
(or their isomorphism classes) form a set C(ZwJ ).
Now we study Cξ(Z
w
J ). For v ∈ WK with vwδ(ξ) = ξ, let L
L
ξ,v,wδ be
the tame local system on Lv with weight vwδ(ξ) for the left B1-action
and ALξ,v,wδ be the perverse extension of L
L
ξ,v,wδ to L.
We identify L×B1 Lv with LK ×B∩LK Lv. Let Q¯
G
l be the trivial local
system on G and Q¯LKl be the trivial local system on LK . Define ρ
L
v :
LK×B∩LKLv → Lw˙g0 by ρ(l, l
′) = ll′l−1. Then forX ∈ Cξ(Lw˙g0), there
exists v ∈ WK with vwδ(ξ) = ξ and X ⊣ (ρ
L
v )!(Q¯
LK
l ⊙ A
L
ξ,v,wδ). By the
decomposition theorem of [BBD], (ρLv )!(Q¯
LK
l ⊙ A
L
ξ,v,wδ) is semisimple.
We have that (ρLv )!(Q¯
LK
l ⊙A
L
ξ,v,wδ) = X [m]⊕B for some B ∈ D(L) and
m ∈ Z. Therefore, (πwJ )!
(
Q¯Gl ⊙
(
(ρLv )!(Q¯
LK
l ⊙ A
L
ξ,v,wδ)
))
= X˜ [m′] ⊕ C
for some C ∈ D(ZwJ ) and m
′ ∈ Z. In other words, a simple perverse
sheaf A on ZwJ is contained in Cξ(Z
w
J ) if and only if A is an irreducible
constitute of (πwJ )!
(
Q¯Gl ⊙
(
(ρLv )!(Q¯
LK
l ⊙ A
L
ξ,v,wδ)
))
for some v ∈ WK
with vwδ(ξ) = ξ.
Note that < LLξ,v,wδ >v∈WK ,vwδ(ξ)=ξ=< A
L
ξ,v,wδ >v∈WK ,vwδ(ξ)=ξ. Then
a simple perverse sheaf A on ZwJ is contained in Cξ(Z
w
J ) if and only
if A ⊣ (πwJ )!
(
Q¯Gl ⊙
(
(ρLv )!(Q¯
LK
l ⊙ L
L
ξ,v,wδ)
))
for some v ∈ WK with
vwδ(ξ) = ξ.
4.4. We keep the notation of 4.3. Consider the commuting diagram
LK ×B∩LK Lv
pL1←− G× (LK ×B∩LK Lv)
pL2−→ G×B∩LK LvyρLv y(id,ρLv ) ypiLv
Lw˙g0
p1
←− G× Lw˙g0
p2
−→ G×LK Lw˙g0,
where pL1 and p
L
2 are projection maps and
πLv : G×B1 Lv = G×L (L×B1 Lv)→ G×L Lw˙g0
is the map induced from (id, ρLv ). Then
p∗2
(
Q¯Gl ⊙
(
(ρLv )!(Q¯
LK
l ⊙ L
L
ξ,v,wδ)
))
= p∗1(ρ
L
v )!(Q¯
LK
l ⊙L
L
ξ,v,wδ)
= (id, ρLv )!(p
L
1 )
∗(Q¯LKl ⊙ L
L
ξ,v,wδ) = (id, ρ
L
v )!(p
L
2 )
∗(Q¯Gl ⊙ L
L
ξ,v,wδ)
= p∗2(π
L
v )!(Q¯
G
l ⊙ L
L
ξ,v,wδ).
Therefore Q¯Gl ⊙
(
(ρLv )!(Q¯
LK
l ⊙L
L
ξ,v,wδ)
)
= (πLv )!(Q¯
G
l ⊙ L
L
ξ,v,wδ).
Define πB1 : B/Z
0(LJ) → B1 by πB1(ub) = b for u ∈ UPI(J,w,δ) and
b ∈ B1. Define the map Bv˙w˙g0(B ∩ LJ )/Z
0(LJ )→ Lv by b1v˙w˙g0b2 7→
πB1(b1)v˙w˙g0πB1(b2) for b1 ∈ B/Z
0(LJ) and b2 ∈ (B ∩ LJ)/Z
0(LJ). It
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is easy to see that this map is defined and is an affine space bundle
morphism. This map induces an affine space morphism
pLv : G×B∩LK Bx˙w˙g0(B ∩ LJ )/Z
0(LJ )→ G×B∩LK Lv.
We also have (pLv )!(p
L
v )
∗(Q¯Gl ⊙ L
L
ξ,v,wδ) = (Q¯
G
l ⊙ L
L
ξ,v,wδ)[·].
Set φ = πwJ ◦ π
L
v ◦ p
L
v : G×B1 Bx˙w˙g0(B ∩ LJ )/Z
0(LJ )→ Z
w
J . Then
(πwJ )!
(
Q¯Gl ⊙
(
(ρLv )!(Q¯
LK
l ⊙ L
L
ξ,v,wδ)
))
= (πwJ )!(π
L
v )!(Q¯
G
l ⊙ L
L
ξ,v,wδ)
= φ!(p
L
v )
∗(Q¯Gl ⊙ L
L
ξ,v,wδ)[·].
Note that φ sends (g, g′) to (gg′g−10 , g) · hJ for g ∈ G and g
′ ∈
Bv˙w˙g0(B∩LJ )/Z
0(LJ). Now we identify Bv˙w˙g0(B∩LJ )/Z
0(LJ) with
B1 ×B1 Bv˙w˙g0(B ∩ LJ )/Z
0(LJ ). Then
φ(Bv˙w˙g0(B ∩ LJ)/Z
0(LJ)) = (Bv˙w˙(B ∩ Lδ(J)), 1) · hJ
= (Bv˙w˙, B ∩ LJ) · hJ = [J, vw, 1].
By [H2, 1.12], [J, vw, 1] ⊂ (PKw˙, PK) · hJ ⊂ Z
w
J . Therefore
ρ(G×B [J, vw, 1]) ⊂ Z
w
J .
We denote by ρvwJ : G×B [J, vw, 1]→ Z
w
J the restriction map of ρ.
Now the map φ : G×B∩LK Gxw,δ → Z
w
J factors through
G×B∩LKBv˙w˙g0(B∩LJ )/Z
0(LJ)→ G×B∩LK [J, vw, 1]→ G×B[J, vw, 1]
ρvwJ−−→ ZwJ ,
where the first two maps are affine space bundle maps. Hence
(πwJ )!
(
Q¯Gl ⊙
(
(ρLv )!(Q¯
LK
l ⊙ L
L
ξ,v,wδ)
))
= φ!(p
L
v )
∗(Q¯Gl ⊙ L
L
ξ,v,wδ)[·]
= (ρvwJ )!(Q¯
G
l ⊙ Lξ,J,vw,1)[·] = Lξ,J,vw,1 |ZwJ [·].
Since ρ(G×B [J, vw, 1]) ⊂ Z
w
J , we have Lξ,J,vw,1 |Zw′
J′
= 0 if J 6= J ′ or
w 6= w′.
In summary, for (ξ, J, w, v) ∈ I ′O,
Lξ,J,vw,1 |Zw′
J′
=
{
(πwJ )!
(
Q¯Gl ⊙
(
(ρLv )!(Q¯
LK
l ⊙L
L
ξ,v,wδ)
))
[·], if J = J ′ and w = w′;
0, otherwise .
Now we will show that the character sheaves on G1 have the following
“nice” property.
Corollary 4.5. Let J ⊂ I, w ∈ W δ(J) and O be a W -orbit on Xˆ. Let
A ∈ CO(G1) and K be a simple perverse sheaf on Z
w
J . If K ⊣ A |ZwJ ,
then K ∈ Cξ(Z
w
J ) for some ξ ∈ O ∩ Xˆ(TJ ).
Proof. We keep the notation of 3.12.
There exists (ξ, J ′, w′, v) ∈ IO, such that A ⊣ Cξ,J ′,w′,v. Since
Cξ,J ′,w′,v is semisimple, we have that Cξ,J ′,w′,v = A[m] ⊕ B for some
B ∈ D(G1) and m ∈ Z. Then Cξ,J ′,w′,v |Zw
J
= A[m] |Zw
J
⊕B |Zw
J
. Thus
K ⊣ Cξ,J ′,w′,v |Zw
J
.
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By 2.1 and 3.12, < Cξ,J ′,w′,v |Zw
J
>(ξ,J ′,w′,v)∈IO=< Lξ,J ′,vw′,1 |ZwJ >(ξ,J ′,w′,v)∈I′O .
So K ⊣ (πwJ )!
(
Q¯Gl ⊙
(
(ρLv )!(Q¯
LI(J,w,δ)
l ⊙L
L
ξ,v,wδ)
))
for some v ∈ WI(J,w,δ)
and ξ ∈ O∩ Xˆ(TJ) with vwδ(ξ) = ξ. By 4.3, K ∈ Cξ(Z
w
J ). The lemma
is proved. 
Corollary 4.6. Let A be a simple perverse sheaf on G1. Then A ∈
C(G1) if and only if there exists J ⊂ I, w ∈ W δ(J) and X ∈ C(ZwJ ),
such that A is the perverse extension of X.
Remark. Therefore, our definition of character sheaves on G1 coincides
with Lusztig’s definition in [L3, 12.3].
Proof. We follow the proof of [L3, 11.15 & 11.18].
Since G1 =
⊔
J⊂I
⊔
w∈W δ(J) Z
w
J , there exists J ⊂ I and w ∈ W
δ(J),
such that supp(A) ∩ ZwJ is dense in supp(A). Then A |ZwJ is a simple
perverse sheaf on ZwJ and A is the perverse extension of A |ZwJ . By 4.5,
A |Zw
J
∈ C(ZwJ ).
On the other hand, if X ∈ C(ZwJ ), then by 4.4, we may assume that
X ⊣ (ρvwJ )!(Q¯l ⊙ Lξ,J,vw,1) for some ξ ∈ Xˆ(TJ) with vwδ(ξ) = ξ. Then
there exists a simple perverse sheaf A on G1 such that supp(A) is the
closure of supp(X) in G1, A |Zw
J
= X and A ⊣ ρ!(Q¯l ⊙ Lξ,J,vw,1). Then
A is the perverse extension of X and A ∈ C(G1). 
Corollary 4.7. Let O1,O2 be two distinct W -orbits on Xˆ. Then for
(ξ1, J1, w1, v1) ∈ IO1 and (ξ2, J2, w2, v2) ∈ IO2, we have that
H ·c(G
1, Cξ1,J1,w1,v1 ⊗ C−ξ2,J2,w2,v2) = 0.
Proof. We keep the notation of 4.3. For any WK-orbit O on Xˆ(TJ),
set
ILO = {(v, ξ) | v ∈ WK , ξ ∈ O with vwδ(ξ) = ξ}.
We have that < LLξ,v,wδ >(v,ξ)∈IL
O
=< ALξ,v,wδ >(v,ξ)∈IL
O
. Now set
CLξ,v,wδ = (π
w
J )!
(
Q¯Gl ⊙
(
(ρLv )!(Q¯
LK
l ⊙A
L
ξ,v,wδ)
))
. Then CLξ,v,wδ is semisim-
ple and all the irreducible constitutes are contained in Cξ(Z
w
J ). More-
over,
< Lξ,J,vw,1 |Zw
J
>(v,ξ)∈IL
O
=< CLξ,v,wδ >(v,ξ)∈IL
O
.
Let O,O′ be two distinct WK-orbits on Xˆ(TJ). Then by 2.6 and
[MS1, 1.2.5], for (v, ξ) ∈ ILO and (v
′, ξ′) ∈ ILO′ , we have that
H ·c(Z
w
J , C
L
ξ,v,wδ ⊗ C
L
−ξ′,v′,wδ) = 0.
By 2.1, we also have that H ·c(Z
w
J , Lξ,J,vw,1 |ZwJ ⊗L−ξ′,J,v′w,1 |ZwJ ) = 0.
By 4.4, for (ξ1, J1, v1w1, 1) ∈ I
′
O1
and (ξ2, J2, v2w2, 1) ∈ I
′
O2
,
H ·c(Z
w
J , Lξ1,J1,v1w1,1 |ZwJ ⊗L−ξ2,J2,v2w2,1 |ZwJ ) = 0.
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Since the above equality holds for all G-stable pieces ZwJ of G
1, we
have that H ·c(G
1, Lξ1,J1,v1w1,1⊗L−ξ2,J2,v2w2,1) = 0. Then by 2.1 and 3.12,
H ·c(G
1, Cξ1,J1,w1,v1 ⊗ C−ξ2,J2,w2,v2) = 0.
4.8. As in [L1, 11.12(c)], we have that CO(G1) ∩ CO′(G1) = ∅ for
distinct W -orbits O and O′ on Xˆ . In other words, there is a well
defined map C(G1)→ W -orbit on Xˆ given by attaching A ∈ C(G1) the
W -orbit O, where A ∈ CO(G1).
5. The parabolic character sheaves
In this section, G is a connected reductive algebraic group. We keep
the notation in 1.3.
5.1. We first study the closures of the B ×B-orbits in Z˜J,y,δ.
As in 3.5, we define the action of B ∩ LJ on G/
y˙−1UPJ′ ×G/UPJ by
b(g, g′) = (gg0b
−1g−10 , g
′b−1). Denote by G/y˙
−1
UPJ′ ×
B∩LJ G/UPJ the
quotient space. The morphism G × G → Z˜J,y,δ defined by (g1, g2) 7→
(g1, g2) · h˜J,y,δ induces a proper morphism
pJ,y,δ : G/
y˙−1UPJ′ ×
B∩LJ G/UPJ → Z˜J,y,δ.
By 3.5, for w ∈ W δ(J) and v ∈ W , we have that
pJ,y,δ
(
(Bw˙y˙−1By˙)/y˙
−1
UPJ′ ×
B∩LJ (Bv˙B)/UPJ
)
= ˜[J, w, v]y,δ.
Moreover, for w ∈ W δ(J), u ∈ WJ and v ∈ W . we have that
(Bw˙ ˙δ(u)y˙−1By˙, Bv˙B) · h˜J,y,δ =
(
Bw˙ ˙δ(u)(B ∩ Lδ(J)), Bv˙B
)
· h˜J,y,δ
= (Bw˙,Bv˙Bu˙−1) · h˜J,y,δ
⊂
⋃
v16v,u16u
(Bw˙,Bv˙1u˙
−1
1 B) · h˜J,y,δ
=
⋃
v16v,u16u
˜[J, w, v1u
−1
1 ]y,δ.
Proposition 5.2. Let w ∈ W δ(J) and v ∈ W . Denote by [J, w, v]y,δ
the closure of ˜[J, w, v]y,δ in Z˜J,y,δ. Then
[J, w, v]y,δ =
⊔
w1∈W δ(J),u1∈WJ ,w1δ(u1)y−16wy−1
⊔
v′6v
˜[J, w1, v′u
−1
1 ]y,δ.
Proof. Note that
⊔
w′∈W,w′y−16wy−1 Bw˙
′y˙−1By˙ and
⊔
v′6v Bv˙
′B are
irreducible closed subvarieties of G and pJ,y,δ is a proper map. Thus
we have that
[J, w, v]y,δ =
⋃
w′y−16wy−1,v′6v
pJ,y,δ
(
(Bw˙′y˙−1By˙)/y˙
−1
UPJ′×
B∩LJ (Bv˙′B)/UPJ
)
.
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Let w1 ∈ W
δ(J) and u1 ∈ WJ . Then we have that w1y
−1 ∈ W J
′
and
yδ(u1)y
−1 ∈ WJ ′. Moreover, if u2 6 u1, then yδ(u2)y
−1 6 yδ(u1)y
−1.
Thus w1δ(u2)y
−1 = w1y
−1yδ(u1)y
−1 6 w1y
−1yδ(u1)y
−1 = w1δ(u1)y
−1.
Therefore for w1δ(u1)y
−1 6 wy−1 and v′ 6 v, we have that
pJ,y,δ
(
(Bw˙1 ˙δ(u1)y˙
−1By˙)/y˙
−1
UPJ′ ×
B∩LJ (Bv˙′B)/UPJ
)
⊂
⋃
u2∈WJ ,w1δ(u2)y−16w1δ(u1)y−16wy−1
⋃
v16v′6v
˜[J, w1, v1u
−1
2 ]y,δ.
Hence [J, w, v]y,δ ⊂
⊔
w1∈W δ(J),u1∈WJ ,w1δ(u1)y−16wy−1
⊔
v′6v
˜[J, w1, v′u
−1
1 ]y,δ.
On the other hand, for w1 ∈ W
δ(J), u1 ∈ WJ with w1δ(u1)y
−1 6 wy−1
and v′ 6 v, we have that
˜[J, w1, v′u
−1
1 ]y,δ = (Bw˙1, Bv˙
′u˙−11 ) · h˜J,y,δ = (Bw˙1
˙δ(u1), Bv˙
′) · h˜J,y,δ
⊂ pJ,y,δ
(
(Bw˙1 ˙δ(u1)y˙
−1By˙)/y˙
−1
UPJ′ ×
B∩LJ (Bv˙′B)/UPJ
)
⊂ [J, w, v]y,δ.
The lemma is proved. 
5.3. As a consequence of the description of the closure of B × B-
orbits, we will describe the closure of the G-stable pieces in Z˜J,y,δ in
5.5. Although the result is not used in the proofs of properties of
parabolic character sheaves we are going to discuss about, it serves as
the motivation for them.
We have a bijection δy = yδ : J → J
′. Let w,w′ ∈ W with l(w) =
l(w′). We say that w′ can be obtained from w via a (J, δy)-cyclic shift
if w = si1si2 · · · sin is a reduced expression and either (1) i1 ∈ J and
w′ = si1wsδy(i1) or (2) in ∈ J
′ and w′ = sδ−1y (in)wsin. We write w ∼J,δy
w′ if there exists a finite sequence of elements w = w0, w1, . . . , wm = w
′
such that wk+1 can be obtained from wk via a (J, δy)-cyclic shift.
By [H2, 3.9], we have the following result.
Lemma 5.4. Let w,w′ ∈ W J
′
. Then the following conditions are
equivalent:
(1) w > uw′δy(u)
−1 for some u ∈ WJ .
(2) w > vw′δy(u)
−1 for some v 6 u ∈ WJ .
(3) w > x for some x ∼J,δy w
′.
In this case, we say that w >J,δy w
′.
Corollary 5.5. Let w ∈ W δ(J). Then the closure of Z˜wJ,y,δ in Z˜J,y,δ is⊔
w′∈W δ(J),wy−1>J,δyw
′y−1 Z˜
w′
J,y,δ.
The case where y = 1 was proved in [H2, 4.6]. The general case can
be treated in a similar way.
From now on, we study the parabolic character sheaves on Z˜J,y,δ.
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5.6. Let w, v ∈ W . Let pw,v : B × B → ˜[J, w, v]y,δ be the mor-
phism defined by (b1, b2) 7→ (b1w˙, b2v˙) · h˜J,y,δ for b1, b2 ∈ B. By 1.3,
pwu,vδ−1(u) = pw,v for u ∈ Wδ(J).
The morphism B × B → T , (t1u1, t2u2) 7→ (w˙g0)
−1t1(w˙g0)v˙
−1t−12 v˙
factors through a morphism prw,v : ˜[J, w, v]y,δ → T .
For ξ ∈ Xˆ, pr∗w,vLξ = Lξ,w,v is a (tame) local system on
˜[J, w, v]y,δ.
We denote by Aξ,w,v the perverse extension of Lξ,w,v to Z˜J,y,δ.
5.7. We keep the notation of 1.4. Let NGˆ(LK) be the normalizer of LK
in Gˆ. Note that NGˆ(LK) is a disconnected group with identity compo-
nent LK and LKw˙g0 is a connected component of NGˆ(LK). Consider
the diagram
LKw˙g0
p1
←− G× LKw˙g0
p2
−→ G×LK LKw˙g0
piw
J,y,δ
−−−→ Z˜wJ,y,δ
where p1 is the projection to the second factor and p2 is the projection
map.
For any character sheaf X on LKw˙g0, let X˜ be the simple perverse
sheaf on Z˜wJ,y,δ such that X˜ = (π˜
w
J,y,δ)!(Q¯l ⊙X)[·]. Let C(Z˜
w
J,y,δ) be the
(isomorphism classes) of simple perverse sheaves on Z˜wJ,y,δ consisting
of all X˜ as above. The elements in C(Z˜wJ,y,δ) are called the character
sheaves on Z˜wJ,y,δ.
5.8. The group B acts on G × Z˜J,y,δ by b(g, z) = (gb
−1, (b, b)z). The
quotient G ×B Z˜J,y,δ exists. The map G × Z˜J,y,δ → Z˜J,y,δ defined by
(g, z) 7→ (g, g) · z induces a morphism ρ : G×B Z˜J,y,δ → Z˜J,y,δ.
By what we did in section 3 and section 4, we obtain the following
result.
Proposition 5.9. Let A be a simple perverse sheaf on Z˜J,y,δ. The
following conditions are equivalent:
(i) A ⊣ ρ!(Q¯l ⊙ Aξ,w,v) for w, v ∈ W and ξ ∈ Xˆ with wδ(ξ) = vξ.
(ii) A ⊣ (ρ |
G×B˜[J,w,v]y,δ
)!(Q¯l ⊙ Lξ,w,v) for some w, v ∈ W and ξ ∈ Xˆ
with wδ(ξ) = vξ.
(iii) A ⊣ (ρ |
G×B ˜[J,vw,1]y,δ
)!(Q¯l ⊙ Lξ,vw,1) for some w ∈ W δ(J), v ∈
WI(J,w,δ) and ξ ∈ Xˆ with vwδ(ξ) = ξ.
(iv) There exists w ∈ W δ(J) and X ∈ C(Z˜wJ,y,δ) such that A is the
perverse extension of X to Z˜J,y,δ.
Moreover, if A satisfies the equivalent conditions, then for any w ∈
W δ(J), any composition factor of pH i(A |Z˜w
J,y,δ
) is contained in C(Z˜wJ,y,δ).
Remark. The condition (iv) was one of the two equivalent definitions
of parabolic character sheaves in [L3]. The fact the (i)⇔ (iv) was first
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proved by Springer in [S2] in terms of (P,Q, σ)-character sheaves on G.
The “moreover” part was first proved by Lusztig in [L3, 11.14]. Our
approach gave a new proof of their results.
5.10. Let C(Z˜J,y,δ) be the (isomorphism classes) of simple perverse
sheaves on Z˜J,y,δ which satisfy the equivalent conditions 5.9(i)-(iv). The
elements of C(Z˜J,y,δ) are called the parabolic character sheaves on Z˜J,y,δ.
For WJ -orbit O on Xˆ, we denote by CO(Z˜J,y,δ) the (isomorphism
classes) of simple perverse sheaves A on Z˜J,y,δ such that A satisfies the
condition 5.9(iii) for some ξ ∈ O. Then as in 4.8, we have that
CO(Z˜J,y,δ) ∩ CO′(Z˜J,y,δ) = ∅
for distinct WJ -orbits O and O
′ on Xˆ . In other words, there is a
well defined map C(Z˜J,y,δ) → WJ -orbit on Xˆ given by attaching A ∈
C(Z˜J,y,δ) the W -orbit O, where A ∈ CO(Z˜J,y,δ). This is a generalization
of [L2, 5.3].
5.11. Now let us recall another definition of parabolic character sheaves
in [L3].
Let w ∈ W . The Borel group B acts on GI,w × GI,y by b(g, h) =
(gb−1, bh). The quotient GI,w ×
B GI,y exists. The action of B on G×
(GI,w × GI,y) defined by b · (g, g1, g2) = (gb
−1, bg1, g2g0b
−1g−10 ) induces
an action of B on G×(GI,x×
BGI,y). The quotient G×B (GI,x×
BGI,y)
exists.
With the notation of [L2, 4.2], set
Y(w,y) = {(B,B
′, g) ∈ B × B ×G1 | pos(B,B′) = w, pos(B′, gB) = y}.
The morphismG×(GI,w×GI,y)→ Y(w,y), (g, g1, g2) 7→ (
gB, gg1B, gg1g2g0g
−1)
induces an isomorphism G×B (GI,w ×
B GI,y) ∼= Y(w,y).
Let ξ ∈ Xˆ with wyδ(ξ) = ξ. Then L˜ξ,w = Q¯l ⊙ (Lyδ(ξ),w ⊙ Lδ(ξ),y)
is a (tame) local system on G×B (GI,w ×
B GI,y). (The local system L˜
on Y(w,y) defined in [L2, 4.2] is of the form L˜ξ,w for some ξ ∈ Xˆ with
wyδ(ξ) = ξ via the isomorphism G×B (GI,w ×
B GI,y) ∼= Y(w,y).)
Let ρ(w,y) : G ×B (Gx ×
B Gy,δ) → Z˜J,y,δ be the morphism defined
by (g, g1, g2) 7→ (
gPJ ,
gg1PJ ′ , gg1UPJ′g2g0UP g
−1). Let CJ,y,δ be the set of
(isomorphism classes of) simple perverse sheaves A on Z˜J,y,δ such that
A ⊣ (ρ(w,y))!L˜ξ,w for some w ∈ W and ξ ∈ Xˆ with wyδ(ξ) = ξ. This is
the definition of parabolic character sheaves on Z˜J,y,δ in [L3, 11.3].
Corollary 5.12. We have that C(Z˜J,y,δ) = CJ.y,δ.
Remark. Thus we obtained a new proof of the fact that the two defi-
nitions of parabolic character sheaves in [L3] coincide, which was first
proved by Lusztig in [L3, 11.15 & 11.18].
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Proof. We identify GI,w ×
B GI,y with B ×B (GI,w ×
B GI,y). Then
ρ(w,y)(GI,w ×
B GI,y) = (PJ ,
Bw˙PJ ′ , Bw˙By˙Bg0)
= (PJ ,
Bw˙y˙y˙−1PJ ′ , Bw˙y˙Uy˙−1PJ′
Bg0)
= ˜[J, wy, 1]y,δ.
Let ρ′(w,y) : GI,w ×
B GI,y → ˜[J, wy, 1]y,δ be the restriction of ρ(w,y).
Then ρ′(w,y) is an affine space bundle map and (ρ
′
(w,y))!(Lw,yδ(ξ)⊙Ly,δ(ξ)) =
Lξ,wy,1 for ξ ∈ Xˆ . The morphism (id, ρ
′
(w,y)) : G × (GI,w ×
B GI,y) →
G× ˜[J, wy, 1]y,δ induces a morphism
ρ˜(w,y) : G×B (GI,w ×
B GI,y)→ G×B ˜[J, wy, 1]y,δ.
We have that ρ(w,y) = ρ |G× ˜[J,wy,1]y,δ
◦ ρ˜(w,y). Hence for ξ ∈ Xˆ with
wyδ(ξ) = ξ, we have that
(ρ(w,y))!L˜ξ,w = (ρ |G× ˜[J,wy,1]y,δ
)!(ρ˜(w,y))!L˜ξ,w = (ρ |G× ˜[J,wy,1]y,δ
)!(Q¯l⊙Lξ,wy,1)[·].
Now let A be a simple perverse sheaf on Z˜J,y,δ. If A satisfies 5.9(iii),
then A ∈ CJ,y,δ. If A ∈ CJ,y,δ, then A satisfies 5.9(ii). Therefore,
C(Z˜J,y,δ) = CJ.y,δ. 
Note added. After completing this paper, I learned that the main
result of this paper has also been obtained by T.A.Springer (unpub-
lished).
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